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1. INTRODUCTION 
The object of this paper is to relate certain properties of a nonlinear 
operator K with those of operators H, converging pointwise to K. Of special 
interest are properties concerning differentiability. In particular we aim 
toward a certain uniform convergence on compact sets for the derivative 
operators (Theorem 6). In the last section this is combined with a recent 
result by P. M. Anselone and the author [I] concerning the invertibility of 
a linear operator I-T given the invertibility of an approximating operator 
I-S. In another paper [2] we apply these results to approximations to the 
abstract Newton’s method for solving nonlinear equations in Banach spaces 
(cf. [319 1419 [51). 
The conditions assumed here are those typically holding for many approx- 
imate methods in the solution of integral equations. For example, integrals 
may be replaced by numerical quadratures, and then one may have a net 
(generalized sequence) which converges only pointwise (i.e., for each fixed 
integrand) rather than uniformly (i.e., in the operator norm). 
2. DEFINITIONS AND NOTATIONS 
Throughout, X is a Banach space, 9(X) is the Banach space of continuous 
linear operators on X equipped with the uniform norm, B, is the unit ball 
{x E X 1 11 x (1 < I}. We denote by d a directed set indexing the nets of 
operators used below. 
Recall that a nonlinear operator K on X is compact if it maps every bounded 
set into a set with compact closure. We shall say a family ~9 of operators on 
X is collectively compact iff for every bounded set B C X, uREdlD H(B) has 
compact closure. An operator H is dijjkrentiable at x E X (in the FrCchet 
sense) iff there is an operator H’(x) E U(X) such that given l > 0 there is 
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S > 0 for which /I k I( < S implies I/ H(x + k) - H(x) - H’(x) k Ij < E I/ k [I . 
The family 2 is equidifferentiable at x iff each H E 2 is differentiable at x, 
and for any given E > 0 the S above is independent of H. The family 2 is 
equidz$eerentiabZe on DC X iff equidifferentiable at each point of D. Note 
that if H is differentiable on D, then H’ is a mapping of D into 9(X): we 
may speak of the continuity of H’, and of the equicontinuity of a family 
(H’ 1 H E SF}. 
3. CONVERGENCE, COMPACTNESS, AND DIFFERENTIABILITY 
Simple examples show that the set of all compact operators on X is not 
closed in the topology of pointwise convergence. But we do have 
THEOREM 1. If (i) Z . ts a collectively compact family of operators on X, 
und (ii) K is in the pointwise closure of TZ’, then K is compact. 
PROOF. If B is a bounded subset of X, then by (ii) 
and by (i) the set on the right is compact. Q.E.D. 
REMARK. We recall that a subset S of X has compact closure iff it is 
totally bounded iff for every E > 0 there is a finite c-net for S iff for every 
6 > 0 there is a totally bounded E-net (not necessarily finite) for S. 
THEOREM 2. If ti is family of operators on X which is 
(i) collectively compact and 
(ii) equidiffeentiable on D C X, 
then for every x in D, the fantily of operators {H’(x) I H E 3?} is collectively 
compact. 
PROOF. Fix x E D. Let B, be the unit ball. Let E > 0 be given. Note by 
(ii) there is S > 0 such that for all H E Z, h E Br implies 
I/ S-l[H(x + Sh) - H(x)] - H’(x) h 11 < E II h II < E. 
By (i) the set &&F[H(x + Sh) - H(x)] is totally bounded, and the inequal- 
ity shows this set is an c-net for U*H’(x) B, . Q.E.D. 
This theorem generalizes to families of operators a result of Krasnosel’skii 
16, p. 1351 for a single operator. 
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THEOREM 3. If 2’ is a family of operators on X such that for the open set 
DCX, 
(i) 2 is equid#erentiable on D, 
(ii) for every x ED the set of operators {H’(x) 1 HE 2’} is collectively 
compact, and 
(iii) K is in the closure of 2 in the topology of pointwise convergence on D, 
then K is ds@rentiable on D, and hence continuous there. Furthermore, if 
{H, 1 m E A> is a net in s+P which converges pointwise to K in D: for x E D, 
li,m II H,(x) - K(x) II = 0, 
then for all x E D and all h E X, 
li,m 11 H,‘(x) h - K’(x) h 11 = 0. 
PROOF. Fix x E D and h E B, , the unit ball. By (ii) the net 
{Hm’(x) h 1 m EA} has a cluster point, say T(h), and a subnet converging 
to it, say (H,,(x) h 1 j E f), where J is a directed set. For p >, 0 and any 
i E J, 
IlO + ph) - K(x) - P(h) II < II W + ph) - f&(x + 4) II 
+ II f&n,(x) - K(x) II + P II f%,(x) h - VI II 
+ It fLj(x + ph) - f&(x) - fC&) ph II . 
(1) 
If E > 0 is given, then by (i) there is S > 0 such that 0 < p < S implies 
for all j E J the last term of the right member of (1) is < l ,J. Taking limi in 
the right member of (I), we see the other terms vanish, whence 0 < p < S 
implies 
II K(x + $4 - KC4 - KW II G CP. (2) 
Since E is arbitrary, (2) implies that there is only one cluster point of the 
original net, and that in fact the cluster point is independent of the net; we 
may write 
l$ Hm’(x) h = T(h). (3) 
Thus T is a mapping from B, into X, T is extended to all of X by homo- 
geneity; we denote the extended map again by T. The additivity of the 
Hna’(x) is inherited by T. Also, T is bounded by (3) and the principle of 
uniform boundedness. Finally, by (2), T satisfies the defining inequality 
for the derivative operator. We may write K’(x) for T, and (3) yields the 
final conclusion. Q.E.D. 
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As an immediate consequence of Theorems 2, 3 and 1 we have: 
COROLLARY 3.1. If 2 is a collectively compact family of operators which is 
equida@rentiable at each x E D, and if K is in the pointwise closure of X, then 
K is differentiable in D, and for all x E D, K’(x) is a compact operator. 
4. CONTINUITY PROPERTIES AND UNIFORM CONVERGENCE 
The preceding theorems are concerned with fixed x E D. The following 
concerns properties of continuity in x. 
THEOREM 4. Let K be an operator and {H, 1 m E &} a net of operators on 
X. Suppose for the open set D C X, 
(i) K and all H,,, are dijkntiable on D, 
(ii) the maps {H,’ 1 m E A} of D into S?(X) are equicontinuous at each 
x in D, and 
(iii) for all x E D and all h E X 
li,m 11 H,‘(x) h - K’(x) h /( = 0. 
Then 
(a) K’ is continuous in D in the uniform operator norm on Z’(X); 
(b) the functions carrying (x, h) E D x X into Hm’(x) h, m E A, are 
equicontinuous in (x, h); and 
(c) the operators {H, / m E A?> are equicontinuous at each x in D. 
PROOF. (a) Use (ii) and take lim, , using (iii), in the inequality 
II [K’(x + k) - K’(x)] h II < II [K’(x + 4 - f&n’@ + 41 h II 
+ II Hm’(x + 4 - Hm’(x) II II h II 
+ II Wm’(4 - K’WI h II 
and so obtain the first conclusion. 
(b) By (iii) and the p rinciple of uniform boundedness, for each x E D, 
the operators (Hm’(x) I m E .kf) are uniformly bounded. Apply this fact and 
(ii) to the inequality 
II Hm’(x + z) (h + h) - H,‘(x) h II < II H,‘(x + 2) - H,‘(x) II II h + k II 
+ II fL’(x> II II k II 9 
to obtain (b). 
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(c) By the uniform boundedness above, and (ii), there is a a-neighborhood 
of x contained in D such that the operators {&‘(x + h) 1 m E A, 11 h 11 < S} 
are uniformly bounded. Now (c) follows from the mean value theorem: 
II f4& + h) - Km II G (gy& II ffm’(x + th) II II h II . . 
Q.E.D. 
Note in the above that we do not assume the convergence 
l$r 11 H,‘(x) - K’(x) jj = 0 in Y(X) for x in D. 
REMARK. We recall that if a net of functions between metric spaces is 
equicontinuous and converges pointwise to some function, then the con- 
vergence is uniform on compact subsets of the domain. Hence, 
COROLLARY 4.1. If besides (i), (ii), (iii) also 
(iv> li,m II f4&4 - W II = 0, 
then this convergence is unsform on each compact subset of D. 
We wish to apply the remark above to the derivative operators. The next 
theorem provides the desired compact sets. 
THEOREM 5. Let V be a compact subset of the open set D. Let 2 be a 
family of operators on X such that 
(i) SP is diferentiable on D, 
(ii) for each x E V, the set of operators {H’(x) I H ES} is collectivet’y 
compact, and 
(iii) the maps {H’ / H E &‘} of D into 9(X) are equikontinuous at each 
x in V. 
Then the famit’y (H’(x) I H E&‘, x E V> is collectively compact. If K is dsf- 
ferentiable on D, and for x E V, K’(x) is compact and K’ is continuous, then 
{K’(x) 1 x E V} is collectively compact. 
PROOF. Let BI be the unit ball, and for x ED let W(x) = (J,{H’(x) B,}. 
By (iii), given E > 0 and x1 E V, there is 6, > 0 such that II x - x1 11 < 6, 
implies W(x) C M6( W(x,)), the E neighborhood of W(x,). Since V is compact, 
it can be covered by a finite number, sayp, of such balls of center xi , radius 
Si , i = 1, ***,p, whence, 
u w-4 c6 “KPw). 
XEV i=l 
(4) 
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But by (ii) each W(x,) is totally bounded, so the set in the right member 
of (4) is a totally bounded c-net for the left member, which is all we need to 
show. 
The last statement of the theorem is a special case of the preceding. 
Q.E.D. 
THEOREM 6. Let V be a compact subset of the open set D. If 
(i) K and (H, 1 m E A) are dzJ%rentiable on D, 
(ii) for x E V, the operators {Hm’(x) 1 m E A?} are collectively compact, 
(iii) the derived maps {H,,,’ 1 m E A} are equicontinuous at each x in D, and 
(iv) for (x, h) E D x X, 
li,m I/ H,‘(x) h - K’(x) h 1) = 0, 
then uniformly for x E V, there is the operator convergence 
1% II [H,‘(x) - 091 H,‘W II = 0, 
and 
(5) 
li? II [Hm’(x) - K’(x)] K’(x) II = 0 (6) 
PROOF. Theorem 4, part (b), and the remark following Theorem 4 show 
that the convergence in (iv) is uniform on compact subsets V x W of 
D x X. By Theorem 5, if we take 
then W is compact, and (5) f 11 o ows. As in Theorem 1, (ii) and (iv) imply 
that for each x E D, K’(x) is compact. Hence again by Theorem 5, if we take 
W = {K’(x) B, I x E V} 
then W is compact, and (6) follows. Q.E.D. 
REMARK. One may combine the foregoing and discern that all the results 
will follow for a compact subset V of the open set D if the operators 
VLIm~~~ 
(i) converge pointwise to K, 
(ii) are collectively compact, 
(iii) are equidifferentiable at each x in D, and 
(iv) have derived operators {H,‘} which are equicontinuous at each x 
in D. 
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5. REMARKS USING SECOND DERIVATIVES 
In some cases the operator H’ mapping D into P’(X) may be differentiable. 
The derivative operator at x, denoted by H”(x), is in 9(X, 2(X)), and its 
norm satisfies the inequality 
If S is a family of operators on X, twice differentiable on D, and if at x E D, 
(H”(x) ) HE 2?} is uni ormly) ( f bounded, then {H’ ( H E %‘} is equicon- 
tinuous at x. Indeed, for Zz sufficiently small, 
II H’(x + k) - H’(x) II < II H’(x + k) - H’(x) - H”(x) k II + II H”(x) k II 
< 1 . II k II + II ff”W II II k II 
from which the assertion follows. 
If at x ED one has both the conditions: {H”(x) 1 H ES} is (uniformly) 
bounded, and (H” I H E SF> is equicontinuous, then SP is equidifferentiable 
at x. This follows by applying the second order mean value theorem: 
II H(x + 4 - H(x) - H’W II < UP) ,~$I H”(x + tk> II II k II’. 
6. APPLICATION 
In a recent paper [I, Theorem 31 it was shown that if S and T are bounded 
linear operators on X such that (I - S)-l exists and 
I( ST - T2 II < II (I - S)-l II-l, 
then (I - T)-1 exists and is bounded by 
1 + II (I- f-9-l II II T II 
1 - )/ (Z - S)-l jl /I ST - T2 /I * 
This result is combined with Theorem 6 in 
THEOREM 7. Let the hypotheses of Theorem 6 be satisjied, and let A > 0 
be a bound chosen a priori for approximate inverse operators. Then there is an 
m E & such that, fm any x E V, if Z - Hm’(x) has an inverse bounded by A, 
then so does Z - K’(x) have an inverse, and it is bounded by 
W + A II K’(x) II). 
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PROOF. By Theorem 6 there is an m E &! such that for all x E V, 
II FL’(4 - W)l Jw II < @W, 
and thus the result above applies. Q.E.D. 
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